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Abstract
Origami has shown the potential to approximate three-dimensional curved
surfaces by folding through designed crease patterns on flat materials. The
Miura-ori tessellation is a widely used pattern in engineering and tiles the
plane when partially folded. Based on constrained optimization, this pa-
per presents the construction of generalized Miura-ori patterns that can ap-
proximate three-dimensional parametric surfaces of varying curvatures while
preserving the inherent properties of the standard Miura-ori, including de-
velopability, flat-foldability and rigid-foldability. An initial configuration is
constructed by tiling the target surface with triangulated Miura-like unit cells
and used as the initial guess for the optimization. For approximation of a
single target surface, a portion of the vertexes on the one side is attached to
the target surface; for fitting of two target surfaces, a portion of vertexes on
the other side is also attached to the second target surface. The parametric
coordinates are adopted as the unknown variables for the vertexes on the
target surfaces whilst the Cartesian coordinates are the unknowns for the
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2other vertexes. The constructed generalized Miura-ori tessellations can be
rigidly folded from the flat state to the target state with a single degree of
freedom.
Keywords: origami, generalized Miura-ori tessellation, rigid-foldable,
flat-foldable, optimization
1. Introduction
Origami has emerged as a technology to construct three-dimensional (3D)
folded structures by folding a piece of flat material. The folded configura-
tions that can be attained depend on the crease pattern which consists of
mountain/valley creases and vertexes. Among the various crease patterns,
the standard Miura-ori pattern is probably the most well-studied and widely
used pattern in engineering. It was proposed for the packaging and de-
ployment of large membranes in space [11, 13]; the pattern and its variants
have found applications as the foldcores of sandwich structures [12, 7, 5, 10].
Recently, unique properties of origami structures, such as negative Poisson’s
ratio and multi-stability, have been revealed by researchers and the Miura-ori
tessellation has inspired the design of mechanical and acoustic metamaterials,
see [24, 16, 17, 15] among others.
The standard Miura-ori tessellation is made up of a number of identical
unit cells, or Miura cells, and each cell consists of four congruent parallel-
ograms, see Fig.1(a), (b) and (c). Each interior vertex is of degree-4 with
one pair of creases symmetric with respect to the other collinear pair. For
stiff facets connected by soft creases, it would be much harder to bend the
facets than to fold along the creases, thus the morphing of the origami struc-
tures can be described by the rigid origami model in which all the facets
are assumed rigid and only folding along the creases are allowed. Treated as
the rigid origami, the Miura-ori tessellation constitutes a mechanism which
folds with a single degree of freedom (DOF) before all the facets collapse into
the same plane. In all the partially folded states, the Miura-ori tessellation
3can only exhibit in-plane motion and tiles the plane. To approximate 3D
curved surfaces, variations in the edge length and sector angles of the cells
should be involved, see Fig.1(d) for an illustration of a generalized Miura cell.
However, for a general quadrilateral mesh, rigid-foldability is nontrivial since
the compatibility between all the rigid facets during the folding process can
lead to an overconstrained mechanism [19, 2]. It has been shown by Tachi
that standard Miura-ori pattern can be perturbed into general ones which
satisfy the developability, flat-foldability and other constraints [19, 20]. The
resulting generalized patterns can approximate some curved surfaces when
partially folded. Most importantly, it has been proven that if an intermedi-
ate folded state exists for a quadrilateral mesh consisting of developable and
flat-foldable vertexes, the pattern is rigid-foldable limited only by the avoid-
ance of self-penetrations [19, 8]. Based on the findings, Tachi has developed
the “Freeform origami” software which can modify the standard Miura-ori
tessellation (and other tessellations) into some curved structure by interac-
tively moving the vertexes and projecting the perturbation into the constraint
space [21, 20]. However, it is difficult for the software to tackle inverse de-
sign problems since constraints regarding approximating target surfaces are
not considered yet. By altering a single characteristic of the Miura-ori cell,
Gattas et al. have investigated the parameterizations of first-level Miura-ori
derivative patterns [4]. Lang and Howell proposed a method to construct
rigid-foldable quadrilateral meshes based on the inherent relations between
the sector and fold angles of flat-foldable vertexes [9]. Recently, Dieleman et
al. developed a systematic approach by first identifying a number of rigid-
foldable motifs as jigsaw puzzle pieces and then fitting them together to
obtain large rigid-foldable crease patterns [2].
Several approaches have been developed for the design of cylindrical and
axisymmetric origami structures [25, 23, 18, 6]. Due to the symmetry of
the target cylindrical/axisymmetric surfaces, the crease patterns observe
collinear creases which are parallelly (radially) spaced for the cylindrical
4(axisymmetric) cases. Though restrictive in the designed geometry, the ap-
proaches in the references [25, 23, 18, 6] can be used to design folded struc-
tures which fit two given target surfaces. Dudte et al. have proposed an
optimization-based algorithm to find the intermediate folded form which ap-
proximates general curved surfaces [3]. In this algorithm, the target surface
is first tiled with a Miura-like tessellation. To ensure the approximation, the
four corner vertexes of each cell (vertexes 1, 3 ,7 and 9 of each cell shown
in Fig.1(d)) are fixed as the initial guess whilst the positions of the other
vertexes are searched by the optimization method to meet the constraints,
including the planarity of all the quadrilaterals and the developability at all
the interior vertexes. However, it was reported that the algorithm fails to find
the folded form that satisfies the flat-foldability condition for general curved
surfaces. Due to the aforementioned theorem by Tachi [19], the patterns con-
structed by Dudte et al. are not rigid-foldable, i.e., the quadrilateral facets
will be bent along the diagonals when it is folded from the flat state to the
target state. To approach the flat-foldability (and thus the rigid-foldability),
the flat-foldability constraint is replaced by inequalities with auxiliary toler-
ance [3]. However, this remedy can only reduce the bending energy of the
quadrilateral whilst the crease patterns consist of triangular facets during
the folding process. While introducing diagonal creases enlarges the space of
rigid-foldable configurations, extra efforts are required when folding the flat
pattern into the target form due to the introduced DOFs and the complex
interaction between the energy potential and the rigid origami [22]. The
failure in satisfying the flat-foldability condition may be caused by the fact
that all the four corner vertexes of each cell are fixed during the optimization
which reduces the number of variables in the algorithm. In fact, the position
of corner vertexes should also be rearranged to enlarge the searching space
such that flat- and rigid-foldable crease pattern may be found for a curved
target surface.
In this paper, based on the constrained optimization, we present the
5construction of generalized Miura-ori tessellation for 3D curved parametric
surfaces which can be folded rigidly from the flat state to the target form with
a single degree of freedom. The construction utilizes general quadrilateral
mesh with developable and flat-foldable interior vertexes whilst the mountain
and valley crease assignment is kept the same as that of the Miura-ori pattern.
The target surface is first tiled with triangulated Miura-like cells and then
the optimization method is used to enforce the constraints, including the
planarity of all the quadrilaterals, developability and flat-foldability at all
the interior vertexes. To ensure the fitting, a portion of vertexes on the one
side is attached to the target surface; another portion of vertexes on the other
side is also attached to the second target surface if a second target surface is
to be approximated. For the attached vertexes, the parametric coordinates
are adopted as the unknown variables whilst the Cartesian coordinates are
the unknowns for the other vertexes. Several examples of fitting a single
target surface and two target surfaces are considered to demonstrate the
feasibility of the algorithm.
2. Approximate a single target surface
2.1. Initial tessellation construction and the constraints
Fig.1(c) shows the standard Miura-ori cell made up of four congruent
parallelograms. The interior vertex is of valence four with one valley crease
and three mountain creases or vice versa. Besides, one pair of creases are
symmetric with respect to the other collinear pair. The Miura tessellation
is the repeating of the unit cells and tiles the plane in its partially folded
states. To approximate curved surfaces, the edge length and sector angles
of the cells should vary across the pattern while the basic rules of Miura
pattern, including developability, flat-foldability and rigid-foldability, have to
be fulfilled. A generalized Miura cell is illustrated in Fig.1(d) which consists
of four quadrilaterals and the cell is developable and flat-foldable, i.e., the
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Figure 1: (a) The Miura-ori tessellation with 4×4 unit cells in its partially folded state;
(b) the associated crease pattern where the mountain and valley creases are indicated
by blue solid and purple dashed lines, respectively; (c) a standard Miura cell in which
θi are the sector angles between two creases; (d) the generalized Miura cell with four
irregular quadrilaterals; the sector angles are required to satisfy θ1 + θ2 + θ3 + θ4 = 2pi for
developability and θ1 + θ3 = θ2 + θ4 = pi for flat-foldability at the central vertex.
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Figure 2: Generation of the initial 4×4 triangulated Miura-like tessellation for the target
surface z = xy/2, i.e., X(r, s) = {r, s, rs/2}: (a) the base mesh formed by the parametric
lines r = ri and s = si for i = 1, 2, · · · , 9; the ri-coordinate lines are equispaced in
the parametric coordinate (∆r = 2/8 = 1/4) and so are the si-coordinate lines; (b) the
vertexes on the si-coordinate lines (j = 2, 4, 6, 8) are moved along the r-coordinate by ∆r;
(c) the vertexes on the ri-coordinate line (i = 2, 4, 6, 8) are moved along the normal of the
target surface by 1.8∆r; triangulate the quadrilateral mesh by connecting vertex-(ri, sj)
with vertex-(ri−1, sj+1) for j = 1, 3, 5, 7 and vertex-(ri, sj) with vertex-(ri+1, sj+1) for
j = 2, 4, 6, 8; a representative cell is circulated by red edges.
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Figure 3: (a) A representative cell: α1 through α6 are the sector angles and the dashed
lines indicate the auxiliary cell contour edges; (b) two adjacent cells. Due to the orientation
of the quadrilateral facets and triangulation, the numbering of the sector angles for interior
vertexes on the si-coordinate lines with i being even and odd follow that around vertex-5
in (a) and vertex-8 in (b), respectively.
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sector angles around the central vertex satisfy
θ1 + θ2 + θ3 + θ4 = 2pi and θ1 + θ3 = θ2 + θ4 = pi (1)
for developability and flat-foldability, respectively [19, 8].
As pointed out by Dudte et.al [3], the basic steps for constructing tessella-
tions for curved surfaces based on optimization are: first, generate an initial
Miura-like tessellation as an initial guess for the optimization algorithm which
does not have to satisfy the constraints; then, enforce the constraints, includ-
ing developability, flat-foldability and etc, by the constrained optimization
with appropriate objective function. Similar ideas have also been adopted
by Bhooshan to generate curved folding based on the dynamic relaxation
framework [1].
For expository purposes, we consider the target surface z = xy/2 with
x, y ∈ [−1, 1] as an example. The target surface can be expressed in the
parametric form as X(r, s) = {r, s, rs/2}. Fig.2 shows the construction of
the initial triangulated Miura-like tessellation:
• A base mesh is first generated by the r = ri and s = si coordinate lines
with ri = −1 + (i − 1)∆r and si = −1 + (i − 1)∆s for i = 1, 2, · · · , 9
and ∆r = ∆s = 1/4. In other words, the ri- and si-coordinate lines
are equispaced in the r- and s-coordinates, respectively.
• Then, the vertexes on the si-coordinate lines with i = 2, 4, 6 and 8 are
moved along the r-coordinate by lp = ∆r, see Fig.2(b).
• Finally, the vertexes on the ri-coordinate line with i = 2, 4, 6 and 8 are
moved along the normal of the target surface by lh = 1.8∆r; the quadri-
lateral mesh is triangulated by connecting vertex-(ri, sj) with vertex-
(ri−1, sj+1) for j = 1, 3, 5, 7 and vertex-(ri, sj) with vertex-(ri+1, sj+1)
for j = 2, 4, 6, 8.
The vertexes of each quadrilateral are noncoplanar in general and a repre-
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sentative triangulated cell is shown in Fig.3(a). It should be remarked that
the initial triangulated Miura-like tessellation is not unique. By changing lp
and lh (comparable to ∆r in general), different initial tessellations can be
constructed. Compared with the construction process in the reference [3],
the current construction suits for a large class of parametric surfaces and
avoids the process of merging vertexes shared by adjacent cells.
The triangulated Miura cell in Fig.3(a) can be specified by the coordinates
of the 9 vertexes. The planarity of the quadrilateral facets are to be restored
in the optimization process. For the quadrilateral 1-2-5-4, the planarity of
the quadrilateral facet requires that the volume of the hexagon formed by
the vectors
−−→
P1P2,
−−→
P1P4 and
−−→
P1P5 equals 0, i.e.,
(X2 −X1)× (X4 −X1) · (X5 −X1) = 0 (2)
where
−−→
PiPj is the vector from vertex-i to vertex-j and Xi is the Cartesian
coordinate for the vertex-i. The planarity for the other quadrilaterals can be
expressed analogously. Due to the triangulation, all the inner vertexes are of
degree-6, see Fig.2(c). In Fig.3(a), the sector angles are denoted anticlockwise
as α1 through α6 around the central vertex-5. The developability condition
at vertex-5 is
6∑
i=1
αi = 2pi . (3)
When the coplanarity of the quadrilaterals 2-3-6-5 and 5-6-9-8 are restored,
the diagonal lines 3-5 and 5-9 becomes redundant and the vertex-5 reduces
to degree-4 vertex. In the optimization process, the flat-foldability condition
at vertex-5 is
α1 + α4 + α5 = pi . (4)
It is clear that the identity, α2 + α3 + α6 = pi, holds if Eq.(3) and Eq.(4) are
satisfied. Considering the orientation of the quadrilateral facets and triangu-
lation, the numbering of the sector angles in Fig.3(a) can be used for vertexes
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on the s2i-coordinate lines while the numbering shown in Fig.3(b) should be
adopted for the vertexes on the the s2i+1-coordinate lines such that Eq.(4) is
consistent for all interior vertexes. To facilitate the optimization algorithm,
the derivatives of the constraints in Eq.(2), (3) and (4) with respect to the
variables are supplied in the Appendix A. The triangulated Miura-like cell
will turn into a generalized Miura cell if the constraints on quadrilateral facet
planarity, developability and flat-foldability are satisfied simultaneously.
2.2. The variables and objective function
To enforce a close approximation to the target surface, a portion of the
vertexes is attached to the target surface. For the cell in Fig.3(a), it is
most likely that the vertexes in the set {1,4,7,3,6,9} reside on the one side
while vertexes in {2,5,8} on the other. Here, the corner vertexes of each cell,
i.e., vertexes {1,7,3,9} in Fig.3(a), are chosen to be attached to the target
surface. The attached vertexes are allowed to slide on the target surface.
For the attached vertex-j, it is natural to use their Cartesian coordinates
Xj = {xj, yj, zj} as the unknown variables while enforcing the attachment
by satisfying the equation of the target surface, for example in the form of
z = f(x, y). This approach is still feasible when the target surface has explicit
expression regarding x, y and z coordinates. However, for many parametric
surfaces, it would be difficult to derive such a form and numerical root finding
and derivative calculations are required. Instead, we adopt the parametric
coordinates {rj, sj} as the unknown variables for the attached vertex-j, i.e.,
Xj = {x(rj, sj), y(rj, sj), z(rj, sj)}, thus the vertex-j naturally resides on the
target surface. Aside from the attached vertexes, the Cartesian coordinates
are adopted as the unknown variables for the other vertexes.
With the triangulated Miura-like tessellation as an initial guess, the op-
timization algorithm is utilized to adjust the vertex positions such that the
constraints are fulfilled while minimizing appropriate objective function. Let
N be the set of all the vertexes; EA is set of auxiliary cell contour edges
for all the triangulated Miura cells, see the dashed lines in Fig.3; E be the
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set of all the edges and the total number of edges is nE. Assuming that the
initial triangulated Miura-like tessellation is a reasonable guess, the following
objective function is suggested
f =
∑
i∈E⋃EA
(
Li
Li0
− 1)2 +
∑
j∈N
1
(Lc)2
(Xj −Xj0)2 (5)
where Li is the edge length of the current configuration whilst Li0 is the coun-
terpart of the initial guess; Lc =
∑
i∈E L
i
0/nE is the characteristic length;
Xj = {xj, yj, zj} is the coordinate for the vertex-j of the current configu-
ration whilst Xj0 is the counterpart of the initial guess. Furthermore, the
parametric coordinates {rj, sj} are the unknowns for the attached vertexes,
i.e., Xj = {x(rj, sj), y(rj, sj), z(rj, sj)}, whilst the Cartesian coordinates
{xj, yj, zj} are the variables for the other vertexes. The first term on the
left hand of Eq.(5) is to preserve the relative distance between the vertexes
such that no crease or boundary edge degenerates. The second term is to
ensure that the vertexes are as close as possible to the initial guess, which
also prevents the entire tessellation from sliding on the target surface. Both
terms are dimensionless such that the objective function is scale independant.
For the tessellation with m × n triangulated Miura-like cells, there are
2m × 2n quadrilaterals and each quadrilateral brings in one planarity con-
straint, see Eq.(2). Besides, there are (2m − 1) × (2n − 1) interior vertexes
and, at each inner vertex, Eq.(3) and Eq.(4) should be satisfied for the local
constraints on developability and flat-foldability. Thus, the total number of
constraints is
Nc = 4mn+ 2(2m− 1)(2n− 1) = 12mn− 4m− 4n+ 2 . (6)
It is clear that the total number of vertexes is (2m + 1)(2n + 1). As the
four corner vertexes of each cell are chosen for the attachment, there are
(m+1)× (n+1) vertexes with their parametric coordinates as the unknowns
and each parametric vertex owns 2 variables. The total number of unknown
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variables and the excess DOFs are, respectively,
N sf = 3(2m+ 1)(2n+ 1)− (m+ 1)(n+ 1) = 11mn+ 5m+ 5n+ 2
and N sf −Nc = −mn+ 9(m+ n) .
(7)
When N sf < Nc, i.e., there are more constraints than variables, the optimiza-
tion algorithm generally fails to find a generalized Miura-ori tessellation if
there were no sufficient redundancy among the constraints. For the case of
m = n, it is required that m ≤ 18 to ensure that N sf ≥ Nc.
The objective function in Eq.(5) together with the constraints in Eq.(2),
(3) and (4) can be solved by standard optimization routines. Here, we adopt
the interior-point method implemented in the fmincon routine of MATLAB.
To facilitate the solution, the derivatives of the objective and constraint func-
tions with respective to (w.r.t) the variables should be provided for fmincon
and are discussed in the Appendix A.
For the construction of generalized Miura-ori tessellation with 4×4 cells
for z = xy/2, the fmincon converges in 93 iterations and the constraints are
satisfied to the machine accuracy. The converged configuration is shown in
Fig.4. It has been proved by Tachi that if there exist a partially folded form
of the quadrilateral mesh with interior developable and flat-foldable vertexes,
then the quadrilateral mesh is rigid-foldable limited only by the penetration
avoidance (see Theorem 2 in the reference [19]). Thus, the origami is rigid-
foldable with a single DOF. The crease pattern is given in Fig.4(b) in which
the vertexes indicated by the blue dot are exactly on the target surface in the
folded form shown in Fig.4(a). Since the origami constitutes a single DOF
mechanism, the folded state can be characterized by any one of the dihedral
angles between two adjacent facets. Here, as indicated in Fig.4(a), the dihe-
dral angle γ at the red crease is chosen which equals approximately 87.4° for
the target state. Following the procedures in Section 4 and Appendix A of
the reference [9], the dihedral angles at all the interior creases and thus the
3D folded form can be obtained for given γ. It is checked that no penetration
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Figure 4: (a) The converged result of the 4×4 Miura-ori tessellation for the target surface
z = xy/2 and γ (≈ 87.4°) is the dihedral angle at the red crease; (b) the crease pattern
where the blue circles are the vertexes attached to the target surface when the pattern is
rigidly folded to the target state.
occurs between the facets, see Appendix B for detailed discussions. Several
snapshots during the folding process are shown in Fig.5.
2.3. Further design examples
This subsection considers several examples to further illustrate the design
algorithm which is implemented in MATLAB. The code is executed on a
desktop with Intel(R) Core(TM) i7-6700 (8 cores, 3.41Gz). The details of
the design cases are summarized in Table 1. The most time consuming part
Table 1: Summary for the single target surface design examples (a) cylinder: x2 + y2 = 1,
(b) hyperbolic paraboloid: z = xy, (c) sphere: x2 + y2 + z2 = 1 and (d) hyperboloid:
x2 + y2 − z2 = 1.
cases Target surface {x, y, z} Cells Iterations Time(sec)
(a) {cos(r), sin(r), s} 8×4 161 33.3
(b) {r, s, rs} 8×8 148 145.2
(c) {cos(s) cos(r), cos(s) sin(r), sin(s)} 8×9 262 403.6
(d) {√1 + s2 cos(r),√1 + s2 sin(r), s} 8×9 151 192.8
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Figure 5: The snapshots for the folded form specified by the dihedral angle γ. (a) is the
flat state; (c) is the same configuration as that in Fig.4(a) under a different view angle;
(f) is the fully folded state with all facets being coplanar.
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of the whole construction is to solve the optimization problem by the interior-
point method of fmincon. As a rough reference of computational efficiency,
the number of iterations and computational time (only the solution time of
the fmincon routine) are listed. Besides, it is checked that the constraints
including quadrilateral facet planarity, developability and flat-foldability at
the interior vertexes are fulfilled to machine accuracy (of order less than
10−13). From the Table 1, it takes more iterations to search the solution for
the sphere case. The converged folded forms, the crease pattern and the fully
folded state are, respectively, shown in the first, second and third columns of
Fig.6. It can be seen that the crease patterns for the cases (a), (c) and (d)
are roughly symmetric with respect to the middle horizontal line.
3. Fit two target surfaces
3.1. Construction process
It is of practical interest that the origami, when partially folded, the
vertexes on each side approximate different given surfaces. Without losing
generality, the two surfaces are denoted as lower surface Xl and upper sur-
face Xu. The construction of the initial triangulated Miura-like tessellation
follows similar procedure as that for the single target surface. For clarity,
the case with Xl = {r, s, 0} and Xu = {r, s, (1 + rs)/2} is considered as an
example. Fig.7(a) shows the base mesh generated on the lower surface Xl
by the r- and s-coordinate lines. The ri-coordinate lines are equispaced in
the parametric coordinate (∆r = 1/4) and so are the s-coordinate lines. The
vertexes on the s2i-coordinate lines (i = 1, 2, 3 and 4) are then moved along
the r-coordinate by ∆r to form the mesh shown in Fig.7(b). After that,
the vertexes on the r2i-coordinate lines with i = 1, 2, 3 and 4 are moved to
the upper target surface Xu by changing the z-coordinate of each vertex to
(1 + rs)/2. The vertexes on the blue lines in Fig.7(c) are then on the up-
per target surface. The initial construction does not constitute a generalized
3.1 Construction process 16
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Figure 6: Examples of approximating a single target surface: the folded forms (first and
second columns), the crease patterns (third column) and the fully folded state (fourth
column), details are listed in Table 1. For figures in the second column, the target surface
is colored in blue. For each case, the blue dots in the crease pattern in the third column are
on the target surface when the pattern is folded to the state shown in the second column.
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Figure 7: For the two target surfaces Xl = {r, s, 0} and Xu = {r, s, (1 + rs)/2}, (a),
(b) and (c) illustrate the generation of the initial 4×4 triangulated Miura-like tessellation
whilst (d), (e) and (f) are the converged results: (a) the base mesh formed on Xl by the
parametric coordinate lines r = ri and s = si for i = 1, 2, · · · , 9; the ri-coordinate lines are
equispaced in the parametric coordinate (∆r = 1/4) and so are the s-coordinate lines; (b)
the vertexes on the s2i-coordinate lines (i = 1, 2, 3, 4) are moved along the r-coordinate by
∆r; (c) the vertexes on the r2i-coordinate line (i = 1, 2, 3, 4) are moved up to the upper
target surface; (d) the converged folded form and γ (≈ 77.1°) is the dihedral angle at the
red crease; (e) the folded form with the upper and lower target surfaces shown; (f) the
crease pattern where the blue dots and purple squares are the vertexes attached to the
lower and upper target surfaces, respectively.
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Miura-ori tessellation as the constraints, i.e., quadrilateral facet planarity,
developability and flat-foldability, are not fulfilled in general.
For the cell shown in Fig.3(a), the vertexes {1, 3, 7, 9} are attached to
the lower surface whilst the vertex-5 is attached to the upper surface. For
the attached vertexes, the associated parametric coordinates are the variables
whilst the other vertexes own the Cartesian coordinates as the variables. The
construction then resorts to the optimization algorithm (the fmincon routine
in the current implementation) to enforce the constraints on quadrilateral
facet planarity, developability and flat-foldability, i.e., Eq.(2), (3) and (4),
respectively. For the case in Fig.7, the fmincon convergences in 85 iterations
and the final configuration is shown in Fig.7(d) and (e). The crease pattern
is shown in Fig.7(f). It is checked that the constraints are fulfilled to machine
accuracy. Due to the Theorem 2 of the reference [19], the pattern is rigid-
foldable and no penetration is observed before it is fully folded.
For a tessellation with m × n cells, the number of constraints are the
same as Eq.(6). Compared to the single target surface case, the central
vertex (vertex-5 in Fig.) of each cell is also attached to the upper surface,
thus the total number of variables and the number of excess DOFs are
Ndf = N
s
f−mn = 10mn+5m+5n+2 and Ndf−Nc = −2mn+9(m+n) (8)
respectively. For the case with m = n, it is required that m ≤ 9 to ensure
that N sf ≥ Nc, i.e., the number of variables should be lager than that of the
constraints. When N sf < Nc, the optimization algorithm generally fails to
find a generalized Miura-ori tessellation.
3.2. Further design examples
This subsection considers several examples to further illustrate the design
algorithm for approximating two target surfaces. The details of the imple-
mentation are the same as those in section 2.3. Table 2 summarizes the
parameters for each cases. The resulting folded forms are shown in the first
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Table 2: Summary of the design examples for approximating two target surfaces.
cases Lower target surface Xl Upper target surface Xu Cells Iterations Time(sec)
(a) {r, s,−(r2 + s2)/5} {r, s,−(r2 + s2)/5 + 1/2} 4×8 129 28.1
(b) {r, s, rs/4} {r, s, rs/4 + 1/2} 4×8 162 37.6
(c) {cos(s) cos(r), cos(s) sin(r), sin(s)} 1.2× {cos(s) cos(r), cos(s) sin(r), sin(s)} 8×4 110 40.8
(d) {√1 + s2 cos(r),√1 + s2 sin(r), s} {√2 + s2 cos(r),√2 + s2 sin(r), s} 4×8 84 24.3
and second columns of Fig.8 whilst the crease patterns and the fully folded
states are listed in the third and fourth columns, respectively.
3.3. Airfoil example
In this section, the lower and upper target surfaces are adopted from the
NACA-2412 airfoil, see Fig.9. The parametric equations are given in the
Appendix C. It is difficult to find explicit expressions regarding {x, y, z} for
the target surfaces. Thus, if the Cartesian coordinates of all the vertexes were
chosen as the variables, it would be inconvenient to enforce the attachment
of vertexes to the target surfaces through additional constraints regarding
the variables {x, y, z}. Using the parametric coordinates for the pertinent
vertexes as the variables avoids this difficulty. Besides, the vertexes at the
bottom and tip ends remain respectively in the y = 0 and y = 2 planes
during the optimization which is enforced by adding linear constraints on
the pertinent y-coordinate (y = 0 for the bottom end and y = 2 for the top
end) or s-coordinate for vertexes with parametric variables (s = 0 for the
bottom end and s = 1 for the top end).
First, a tessellation with 3×12 cells is considered. Similar to the previ-
ous examples, the vertexes {1,3,7,9} and {5} of each cell are, respectively,
attached to the lower and upper target surfaces. The resulting folded form
is shown in Fig.10(a) and (b) with different view angles. Fig.10(c) shows the
crease pattern in which the blue dots and purple squares are on the lower and
upper surfaces when the pattern is folded to the target state. From Fig.10(a)
and (b), it can be seen that a large number of vertexes (51 out of the 175)
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Figure 8: Examples of approximating two target surfaces: the folded forms (first and
second columns), the crease patterns (third column) and the fully folded state (fourth
column), details are listed in Table 2. For figures in the second column, the lower and
upper target surfaces are colored in blue and purple. The blue dots and purple squares in
the crease patterns are attached to the lower and upper surfaces, respectively.
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(b)(a)
0
Upper curve
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Camber line
x
z
Thickness
c
A = (0, 0, 0)
B = (1, 0, 0)
C = (0.8, 2, 0)
D = (1.4, 2, 0)
Figure 9: (a) The cross section of the NACA four-digit airfoil [14]; (b) the lower (blue) and
upper (purple) surfaces of the airfoil constructed from the cross sections at the bottom
(y = 0) and tip (y = 2) end; A, B, C and D indicate the corner points.
(b)(a) (c)
(e)(d) (f)
Figure 10: The resulting designs by attaching different sets of vertexes to the target
surfaces: the attached vertexes are indicated by blue dots (on lower surface) and purple
squares (on upper surface) in the crease patterns in (c) and (f); (a) and (b) are the folded
form for (c) whilst (d) and (e) are the counterparts for (f).
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(b)(a) (c)
Figure 11: The designs with 4×16 cells: (a) and (b) are the folded form; (c) shows the
crease pattern where the blue dots and purple squares are attached to the lower and upper
target surfaces, respectively.
extrude out of the target surface. By observing the relative position of the
vertexes on each zigzag line in Fig.10(b) and (c), the vertexes attached to
the lower and upper target surfaces are re-selected which is shown by the
blue dots and purple squares in Fig.10(f). From the same initial triangulated
Miura-ori tessellation, the optimization algorithm yields the improved folded
form, see Fig.10(d) and (e), and few vertexes (10 out of the 175) are outside
of the region. Next, the tessellation with 4×16 cells is considered. When
the vertexes {1,3,7,9} and {5} of each cell are, respectively, attached to the
lower and upper target surfaces, the algorithm fails to find a valid folded
form. This failure may indicate that too many vertexes are attached to the
target surfaces. To enlarge the solution space, fewer interior vertexes are
attached to the target surfaces, see Fig.11(c). The folded form is shown in
Fig.11(a) and (b).
4. Conclusion
This paper has presented the construction of rigid-foldable generalized
Miura-ori tessellations which can approximate curved parametric surfaces
based on constrained optimization. The algorithm is capable to approximate
a single or double target surfaces by attaching portions of vertexes to the per-
tinent target surfaces. All the inherent properties of standard Miura-ori fold,
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including quadrilateral facet planarity, developability and flat-foldability, are
enforced through optimization. To enlarge the searching space, the attached
vertexes are allowed to slide on the target surface through using their para-
metric coordinates as the variables. Tessellations for target surfaces with
varying curvatures in both directions have been constructed which are rigid-
foldable with a single degree of freedom.
A limitation of the current algorithm is that the number of attached ver-
texes is restricted such that the optimization problem is not over-constrained,
see Eq.(7) and (8) for the approximation of single and double target sur-
faces, respectively. While a re-selecting strategy is suggested and illustrated
in Section 3.3, vertexes to be attached to the target surfaces are still chosen
empirically in both layout and number. Neverthless, the present algorithm
can be an efficient tool to generate small, rigid-foldable, curved patches which
may be used as building blocks to piece up larger rigid-folable crease patterns
[8, 9, 2]. It is noted that the level of approximation is not exactly controlled in
the present algorithm which may be incorporated into the objective function
in future works.
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Appendix A. Derivatives of the objective and constraint functions
This appendix discusses the derivatives of the objective and constraint
functions which should be provided to enhance the efficiency of the opti-
mization solver. The derivatives with respective to (w.r.t) the Cartesian
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Figure A.12: A typical triangle and n is its unit normal.
coordinates are considered first. The derivatives of the objective function
in Eq.(5) and the quadrilateral facet planarity constraint in Eq.(2) w.r.t to
the Cartesian coordinates can be ready obtained and are not detailed here.
For an interior vertex, the developability and flat-foldability constraints are
the sum of the pertinent sector angles around the vertex. Each sector angle
is determined by the three vertexes of the triangle where it resides. For a
typical triangle shown in Fig.A.12, the sector angle α is given by
α = arccos(
(X2 −X1) · (X3 −X1)
‖X2 −X1‖ ‖X3 −X1‖ ) . (A.1)
The derivatives of α w.r.t the vertex coordinates are (also see Eqs.(12), (13)
and (14) of reference [21])
∂α
∂X2
= −n× (X2 −X1)‖X2 −X1‖2
(A.2a)
∂α
∂X3
=
n× (X3 −X1)
‖X3 −X1‖2
(A.2b)
∂α
∂X1
= − ∂α
∂X2
− ∂α
∂X3
(A.2c)
where n = (X2−X1)×(X3−X1)‖(X2−X1)×(X3−X1)‖ is the unit normal of the triangle. Referring to
the unit cell in Fig.3, the derivatives of the developability and flat-foldability
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Figure B.13: The folded form for the design resulf of z = xy/2 with γ = 0.1◦: (a) and
(b) are the folded form with different view angles. γ is the dihedral angle at the crease
colored red. The scale of z-axis is much smaller than the others for better view.
constraints can then be obtained by adding the contributions from the sec-
tor angles around the central vertex. The derivatives w.r.t the parametric
coordinates are obtained by the chain rule. For instance, assume that the
vertex-1 of the triangle in Fig.A.12 is attached to the target surface and its
unknown variables are {r1, s1}, then the derivatives of the sector angle w.r.t
the parametric coordinates are
∂α
∂r1
=
∂α
∂X1
· ∂X1
∂r1
and
∂α
∂s1
=
∂α
∂X1
· ∂X1
∂s1
. (A.3)
Appendix B. Check of self-intersection
Thanks to the Theorem 2 of the reference [19], the crease pattern is
rigid-foldable if an intermediate folded form exists for the quadrilateral mesh
consisting of developable and flat-foldable vertexes. Nevertheless, the phys-
ically valid folded form of the crease pattern is limited by self-intersection.
For the generalized Miura-ori pattern considered here, it is obvious that no
self-intersection will be observed when the crease pattern is folded only by
a small amount. As the folded form is of single degree-of-freedom (specified
by the characteristic fold angle γ) and the shape morphing is smooth, con-
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tacts between the facets will happen when γ reaches a certain critical value.
After the converged design has been obtained for each case, we can view the
three-dimensional folded form for given γ and visually check whether global
penetration occurs. For instance, for the case of z = xy/2 in Section 2.1
and 2.2, the folded form with γ = 0.1◦ is plotted in Fig.B.13. There is no
penetration even for this almost fully folded state.
Appendix C. Lower and upper surfaces of the airfoil
Fig.9(a) shows the cross section of the NACA four-digit series airfoil in
which c is the airfoil chord. Introducing the parametric coordinate r = x/c,
the camber line and the thickness distribution are, respectively, [14]
yc(r) =
 εcrp2 (2p− r)εc(1−r)
(1−p)2 (1 + r − 2p)
0 ≤ r < p
p < r ≤ 1
and (C.1a)
yt(r) = 10τc
[
0.2969
√
r − 0.126r − 0.3537r2 + 0.2843r3 − 0.1015r4] (C.1b)
in which ε, p and τ are parameters. For the NACA-2412 airfoil considered in
the example, the parameters are ε = 0.02, p = 0.4 and τ = 0.12. The lower
and upper curves of the cross section are respectively{
xL(c, r)
zL(c, r)
}
=
{
c× r + 1
2
yt(r) sin(θ)
yc − 12yt(r) cos(θ)
}
(C.2)
and {
xU(c, r)
zU(c, r)
}
=
{
c× r − 1
2
yt(r) sin(θ)
yc +
1
2
yt(r) cos(θ)
}
(C.3)
where
θ = arctan(
dyc
dx
) =

2ε(p−r)
p2
2ε(p−r)
(1−p)2
0 ≤ r < p
p < r ≤ 1
.
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The cross sections at the bottom (y = 0) and tip (y = 2) ends are prescribed
with the chord c = 1 and c = 0.6, respectively, see Fig.9(b). The lower curves
of the cross sections at the bottom and tip ends are respectively
XbL =

xL(1, r)
0
zL(1, r)
 and XtL =

0.8 + xL(0.6, r)
2
zL(0.6, r)
 . (C.4)
The lower surface of the airfoil is a ruled surface which is given by
XL(r, s) = (1− s)XbL + sXtL (C.5)
The upper surface of the airfoil is defined in a similar way, i.e.,
XU(r, s) = (1− s)XbU + sXtU (C.6)
where
XbU =

xU(1, r)
0
zU(1, r)
 and XtU =

0.8 + xU(0.6, r)
2
zU(0.6, r)
 . (C.7)
are the upper cross-sectional curves at the bottom and top ends, respectively.
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